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Magnetotransport provides key experimental signatures in Weyl semimetals. The longitudinal
magnetoresistance is linked to the chiral anomaly, and the transversal magnetoresistance to the
dominant charge relaxation mechanism. Axial magnetic fields that act with opposite sign on op-
posite chiralities facilitate new transport experiments that probe the low-energy Weyl nodes. As
recently realized, these axial fields can be achieved by straining samples or adding inhomogeneities
to them. Here, we identify a robust signature of axial magnetic fields: an anomalous scaling of the
conductance in the diffusive ultraquantum regime. In particular, we demonstrate that the longitu-
dinal conductivity in the ultraquantum regime of a disordered Weyl semimetal subjected to an axial
magnetic field increases with both the field strength and sample width due to a spatial separation
of charge carriers. We contrast axial magnetic with real magnetic fields to clearly distinguish the
different behavior of the conductance. Our results rely on numerical tight-binding simulations and
are supported by analytical arguments. We argue that the spatial separation of charge carriers can
be used for directed currents in microstructured electronic devices.
Inhomogeneities in Weyl semimetals [1–4] have pecu-
liar consequences, as they effectively result [5] in axial
pseudoelectric and pseudomagnetic fields [6–9], similar
to strain-induced pseudofields in graphene [10–12]. For
pairs of Weyl nodes, axial fields act with an opposite sign
on opposite chiralties, enriching the electrodynamics of
Weyl fermions by a broader set of fields [7, 13–15]. As
a consequence of axial magnetic fields, pseudo-Landau
levels emerge at low energies [8, 9] while axial electric
fields induce chirality-dependent transport [16, 17]. Ax-
ial magnetic fields are not unique to Weyl semimetals
but may also be be simulated in cold atom systems [18],
and have been demonstrated in various Weyl metama-
terials [19, 20], but no definite manifestation has been
found the in solid state.
Robust transport signatures for axial magnetic fields
are still lacking. Although they are predicted to enhance
the conductivity of a Weyl semimetal by an additional
anomaly-induced contribution [8, 9], akin to effects pre-
dicted and observed in the presence of external magnetic
fields [21–24], this enhancement relies on a local redistri-
bution of charge [14], which leads to screening effects that
may spoil this contribution. In this work, we identify an
anomalous scaling of the conductance in the ultraquan-
tum limit as a unique signature of axial magnetic fields.
This anomalous scaling, present for moderate disorder
strengths, is induced by a spatial separation of counter-
propagating modes, as we explain in the following.
For a pair of Weyl nodes, their separation b in momen-
tum space can at low energies be effectively regarded as a
vector potential that acts with an opposite sign on these
two Weyl nodes, a so-called axial vector potential. In-
homogeneities, e.g., strain-induced variations in the hop-
ping amplitudes, may result in an effective spatial varia-
tion of the node separation, b → b(r) [8, 9]. Generally,
a spatially varying b gives rise to an axial magnetic field
via [25]
B5 = ∇× b. (1)
When realized on a lattice, b must go to zero at the
boundaries of an open system [9]; for periodic boundary
condition, it must respect the periodicity [14]. Thus, any
axial magnetic field B5 adds up to zero when averaged
over the whole sample [9], and any equilibrium current
induced by B5 vanishes when integrated over the whole
sample [26, 27].
The consequences of axial magnetic fields on charge
transport can be intuitively understood by comparing
the dispersion in presence of magnetic and axial mag-
netic fields for a pair of Weyl nodes separated by a con-
stant component b = bzˆ, shown in Fig. 1. In presence
of a magnetic field, the two bulk Landau levels are expo-
nentially localized at x = `2Bky with localization length
`B =
√
~/(eB). At each surface, Fermi arcs connect
the bulk Landau levels of opposite chirality at the same
momentum ky = L/(2`
2
B), which results in a rectangular
shape of the Fermi surface [Fig. 1(a)]. Fig. 1(b) shows the
energy dispersion for a cut in momentum space at con-
stant ky. The bulk zeroth Landau levels are counterprop-
agating, and localized at the same position in real space
due to position-momentum locking. Thus, backscatter-
ing is possible via scattering between these levels.
In presence of a constant bulk B5, pseudo-Landau
levels form. Since B5 acts with an opposite sign on
the two chiralities, the bulk Landau levels propagate in
the same direction. They are exponentially localized at
x = ±`25ky, with the sign determined by the chirality,
and the localization length given by the pseudo-magnetic
length `5 = 1/
√
B5. Surface states connect the bulk
pseudo-Landau levels of opposite chiralities at different
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2FIG. 1. Fermi surface and dispersion of a Weyl semimetal,
Eq. (2), subjected to a magnetic field B, panels (a) and (b),
and to an axial magnetic field B5, panels (c) and (d). The
color denotes the real-space localization 〈x〉 of the states, cf.
inset in panel (c). We choose open boundary conditions with
L/a = 100 sites in the x direction and a (pseudo-) magnetic
length of `B = `5 = 7.07a with the lattice constant a. (a)
Fermi surface in presence of a magnetic field B = Bzˆ. (b)
Corresponding dispersion at constant ky = 0.19/a [dashed
lines in panels (a) and (c)]. The dashed lines in (b), (d) show
the Fermi energy εF = 0 as a guide for the eyes. (c) Fermi
surface in presence of a pseudo-magnetic field B5 = B5zˆ in
the bulk that results in pseudo-Landau levels with opposite
position-momentum locking. (d) Corresponding dispersion at
constant ky = 0.19/a.
ky = ±L/(2`25), such that surface states twist in momen-
tum space, as shown in Fig. 1(c). In this example, with
a constant component b0 = b0zˆ parallel to B5, the Fermi
surface traces a bowtie [14]. A cut in momentum space
at constant ky [Fig. 1(d)] reveals that, as argued before,
the bulk pseudo-Landau levels propagate in the same di-
rection. Thus, scattering between those states does not
contribute to the transport time. Since B5 averages to
zero over the whole sample, surface states propagate in
the opposite direction. Accordingly, only scattering pro-
cesses between the counterpropagating bulk and surface
contribute to the transport time. Charges localized deep
in the bulk must scatter all the way to the surface to
finally relax.
As a consequence of the limitation of backscattering
to bulk-to-surface scattering, we predict a robust exper-
imental signature of an axial magnetic field that is ob-
servable in simple transport measurements: the scaling
of conductance with the system’s width. We find that
the conductance along the direction of B5 increases with
the width cubed, different from the width squared, the
usual scaling in diffusive systems [28]. This anomalous
scaling originates in the spatial separation of left- and
right-moving modes, where the first are confined to the
bulk and the second to the surface, or vice versa, as ar-
gued in Ref. 8. Due to the spatial separation, scatter-
ing mechanisms are substantially modified as compared
to standard magnetotransport experiments, as we elab-
orate on below. We explicitly demonstrate the scaling
by employing tight-binding simulations to compute the
conductance.
To quantitatively study transport in the quantum
limit, we simulate the mechanism described above in a
lattice model, including the effects of disorder. To this
end, we use the Hamiltonian
Hk =v [sin(kya)σx − sin(kxa)σy] τz + v sin(kza)τy
+ t
∑
i
[1− cos(kia)] τx + vau · b. (2)
with the lattice constant a, and the vector of matrices
u = (−σxτx,−σyτx, σz). The Pauli matrices σµ and τµ
act on different degrees of freedom, e.g., spin and or-
bital. We discuss a time-reversal invariant model with
four Weyl nodes, which allows for bulk-to-bulk backscat-
tering, in the Appendix. When t = 2v/
√
3, as throughout
this work, b equals the Weyl node separation in momen-
tum space with deviations O(b5) when b points along a
primitive lattice vector, and deviations O(b3) otherwise.
We choose b = (0, B5x, bz) with x ∈ [−Lx/2, Lx/2] to
generate an axial magnetic field B5 = B5zˆ parallel to
the constant component of the node separation, bz. For
a magnetic field, we employ the Peierls substitution of
a field in the Landau gauge, A = Bxyˆ. We take open
boundary conditions in the x direction, and average over
twisted periodic boundary conditions in the y direction
ψ(y + Ly) = e
iφψ(y). The transport direction is z, par-
allel to B5 and B.
We perform all transport calculations using the Kwant
code [29]. The total system consists of a sample of length
Lz = L‖ in the z direction and width Lx = Ly = L⊥ in
both x, y directions. It is connected to two semi-infinite
clean leads governed by the same Hamiltonian (2) at the
chemical potential µlead with the same node separation
and (axial) magnetic field.
For clean systems and µlead = 0, transport is ballis-
tic, giving the conductance G = ne2/h for n propagating
modes. For both B and B5, n increases linearly with the
sample’s cross section L2⊥ and the field strength. For B,
the number of propagating modes equals the degeneracy
of the bulk Landau levels, and for B5, n equals twice
the degeneracy since surface states contribute equally to
transport. The degeneracy of these Landau levels in-
creases linearly with L2⊥ and B (B5). Thus, for a clean
system, the scaling of the conductance with L2⊥ and the
field strength is the same for both B and B5.
3FIG. 2. Conductance of clean samples in presence of (axial)
magnetic fields. (a) Numerically obtained conductance (cir-
cles) as a function of the field strength B (B5 = 0) for trans-
port along zˆ ‖ B. The conductance is independent of the
sample’s length L‖ and grows linearly with B (linear fit indi-
cated by solid lines). (b) Similarly, the conductance grows lin-
early with B5 (B = 0) up to a
2/`25 . 0.12 (linear fit indicated
by solid lines). (c) The slope of ∂G/∂B(5) increases linearly
width the sample’s cross section, L2⊥, such that G ∝ BL2⊥
(G ∝ B5L2⊥). The ratio of the slopes in (c) is 1.29.
To confirm above expectations, we show lattice results
for clean samples in Fig. 2. Panels (a) and (b) show
the conductance as a function of B and B5, respectively,
which indeed increases linearly with the field strength.
In the presence of B5, the linear regime breaks down at
a field strength characterized by B5 ∝ a2/`25 & 0.1. This
breakdown is a lattice effect: As stated above, the pa-
rameter b equals the Weyl node separation only when
neglecting higher-order corrections, thus, the equality
breaks down for large |b|  1/a. In presence of B5, the
condition |b|  1/a is not satisfied when B5L⊥  1/a,
resulting in a faster increase with the field strength B5,
visible in panel (b). To avoid these lattice-induced scaling
effects, we limit the size of both B5 and L⊥ in the subse-
quent discussion. Furthermore, we observe that the ratio
of the conductance in presence of B5 and B is smaller
than two, cf. Fig 2(c). This lattice effect only affects the
total conductance in presence of B5, but not its scaling
with the field strength or cross section, so we neglect it
in our following analysis.
To discuss (axial) longitudinal magnetotransport in
presence of disorder, we add both vector and scalar dis-
order by introducing a random on-site matrix V (ri) that
has the structure and disorder correlation
V (ri) =
∑
µν
vµν(ri)σµτν , (3)
⟪vµν(ri)vρσ(rj)⟫ = gµνK(ri − rj)δµρδνσ (4)
to the lattice Hamiltonian. The function K(ri−rj) is the
disorder correlator. Since the presence of Weyl nodes in
the Hamiltonian (2) does not rely on any symmetries, no
restrictions are put on the matrix structure of disorder
and we set for convenience gµν = 1.
For a better comparison between real and axial mag-
netic fields, we briefly review how the conductivity in
presence of external magnetic fields is affected by the dis-
order correlations. For systems larger than the mean free
path, transport is diffusive and the conductance scales
as G = σL2⊥/L‖ with a conductivity σ independent of
the system’s dimensions [28]. The scaling of σ with the
magnetic field B depends on the type of disorder. For
white-noise disorder
K(ri − rj) = W
2
12
δij , (5)
the conductivity in the ultraquantum limit is indepen-
dent of the magnetic field [30, 31]. Gaussian correlations
in the disorder potential with correlation length ξ change
the conductivity scaling to σ ∝ (ξ2 + `2B)/`2B [32–34]. In
the strong-field limit `B  ξ, σ increases with the inverse
magnetic length squared, i.e., with the magnetic field,
as we explicitly demonstrate in the Appendix. When
`B  ξ, the scaling for white-noise disorder is recovered,
consistent with observations in TaAs [35].
Replacing the magnetic field by an axial magnetic field
results in two changes: First, the conductivity increases
linearly with B5 for white-noise disorder and quadrat-
ically with B5 for Gaussian-correlated disorder in the
strong-field limit [8]. Second, as argued above, the con-
ductivity increases with the system’s width due to the
spatial separation of counterpropagating modes. As soon
as disorder becomes large enough to mix the zeroth and
higher Landau levels, all effects dominated by the zeroth
Landau levels start to wash out—especially phenomena
driven by the copropagating bulk zeroth Landau levels
for B5 and counterpropagating Landau levels for B. We
thus expect that the conductance scales similarly with
field strength and system dimensions for axial and mag-
netic fields in strongly disordered systems.
To account for the scaling of the conductivity with the
system’s width, we define the dimensionless conductivity
g(L⊥), a quantity that is not independent of the system’s
dimensions, via
G =
e2
ha
L2⊥
L‖
g(L⊥). (6)
We consider the regime where g(L⊥) is independent of
L‖, i.e., the diffusive regime where G ∝ 1/L‖.
To access the diffusive regime in tight-binding simu-
lations, we need to avoid the ballistic and localized lim-
its. When L‖  L⊥, the system is essentially one di-
mensional and the charge carriers always localize, giving
an exponentially decreasing conductance [36]. Similarly,
large disorder also leads to localization in three dimen-
4FIG. 3. Numerically obtained inverse conductance (a) in pres-
ence of B and (b) in presence of B5 as a function of L‖, the
system size in transport direction. The colors denote different
values of the (pseudo-) magnetic length `B (`5). The slope
from panels (a) and (b) is the inverse of the dimensionless con-
ductivity g, shown in panels (c) and (d) as a function of the
(axial) magnetic field strength for different disorder strengths
W/v. While g clearly increases with B5, it stays almost con-
stant in presence B and disorder W/v & 2.5. The inset in (c)
shows the slope ∂g/∂L⊥ for different disorder strengths and
B (dark gray) and B5 (light gray). All results are averaged
over twisted boundary conditions and 100 disorder configura-
tions; the chemical potential in the leads is µlead = 1.5v, and
the transversal width L⊥ = 21a.
sions [37]. If the mean free path is larger than the sys-
tem size, transport is ballistic, observable for W/v . 1.5
and the system sizes we consider. To access the regime
where the (axial) magnetic field influences transport,
the (pseudo-) magnetic length (that sets the localization
length of the (pseudo-) Landau levels) must be smaller
than the sample thickness. In our numerical simulations,
the last restriction results in magnetic lengths ranging
from `B = 2.6a to `B = 4.8a, which require large (ax-
ial) magnetic fields; however, in mesoscopic samples, the
condition `B/L  1 much more easily satisfied than in
the numerical simulations, i.e., only intermediate field
strengths are necessary.
We numerically investigate the conductance as a func-
tion of the longitudinal system size L‖ in presence of
white-noise disorder (5). We focus on the regime where
the inverse conductance increases linearly with L‖, which
we can observe up to L‖ . 3L⊥ before reaching the one-
dimensional limit that shows the onset of localization. In
Fig. 3, we compare transport in presence of axial fields
with magnetic fields for different field strengths char-
acterized by its (pseudo-) magnetic length. Panels (a)
FIG. 4. Numerically obtained inverse conductance (a) in pres-
ence of B and (b) in presence of B5 as a function of L‖. The
colors denote different values of the transversal width L⊥.
The slope from panels (a) and (b) is the inverse of the di-
mensionless conductivity g, shown in panels (c) and (d) as a
function of the transversal dimension L⊥ for different disorder
strengths W/v. While g increases linearly with L⊥ in presence
of axial fields, it stays, apart from finite-size effects, constant
in presence of magnetic fields B, as evident from the inset in
(c) that shows the slope ∂g/∂L⊥ for B (dark gray) and B5
(light gray). All results are averaged over twisted boundary
conditions and 100 disorder configurations; the chemical po-
tential in the leads is µlead = 1.5v, and (pseudo-) magnetic
length `B = 2.65a (`5 = 2.65a).
and (b) show the conductance as a function of L‖, nor-
malized by the cross section L2⊥. We find that the di-
mensionless conductivity (6), proportional to the inverse
of the slope ∂G−1/∂L‖, does not increase with B for
sufficiently large disorder W & 2.5v [panel (c)] as ex-
pected from τv ∝ 1/B for white-noise disorder [32, 34].
Contrary, g increases approximately linearly with the
strength of the axial field B5, panel (d). The slope
∂g/∂B5 decreases with the disorder strength W before
it eventually reaches zero, cf. inset in panel (c). When
the disorder is larger than the spacing of the Landau lev-
els (W/v > a/`B or W/v > a/`5), higher Landau levels
start to contribute to the charge transport, which allows
bulk-to-bulk backscattering, gradually decreasing the dif-
ference between B and B5 in the transport signature.
To contribute to transport relaxation, charges need to
scatter the distance L⊥, which takes (L⊥/`5)2 ∝ B5 scat-
tering events [8]. The scaling of the conductivity g ∝ B5
we observe is different from the prediction by Ref. 8, since
in our case τv ∝ 1/B5 due to white-noise disorder. For
completeness, we analytically compute the scattering am-
5plitude to lowest order in disorder in the Appendix, and
show that it decreases faster with system size than the
amplitude from multiple scattering events.
We show the scaling of the conductivity as a function
of the sample’s thickness L⊥ in Fig. 4. As evident from
panels (a) and (b), the inverse conductance G−1 increases
linearly with L‖ when L‖ . 3L⊥ for both B and B5 and
various values of L⊥. The dimensionless conductivity (6)
is independent of L⊥ in presence of B, panel (c), but in-
creases approximately linearly with L⊥ in presence of B5,
panel (d). This is one of our main results: The conductiv-
ity increases linearly with the sample’s thickness in the
ultraquantum regime when L⊥  `5, corresponding to
a conductance that increases with the thickness cubed,
which we observe numerically for moderately large disor-
der (1.5 .W/v . 3.5). The linear scaling of the conduc-
tivity with L⊥ arises from subleading contributions in L⊥
to the scattering time, as we show in the Appendix. Sim-
ilar to the scaling with B5, the slope with L⊥ decreases
with the disorder strength, due to the mixing with higher
Landau levels [inset in Fig. 4(c)]. A dependence of the
conductivity on a systems thickness is a known indicator
for surface effects. Indeed, in our case, the only effec-
tive transport relaxation, is the scattering between bulk
modes and surface modes. As the thickness grows, more
modes localized deep in the bulk become less affected by
such scattering, and the conductivity is enhanced.
To conclude, in this work, we numerically investigated
how charge transport in Weyl semimetals is affected by
the presence of axial magnetic fields and white-noise dis-
order. We explicitly demonstrated that the conductivity
increases with both B5, the strength of the axial field,
and L⊥, the transverse width of the system. Both obser-
vations can be intuitively understood by considering the
real-space separation of counterpropagating modes in the
presence of B5.
We are confident that the conductance scaling uncov-
ered in this work can be observed in experiment, con-
sidering the recent efforts in manufacturing microstruc-
tured Weyl semimetals [38], creating strain-induced fields
in type-II Weyl semimetals [39], and transport exper-
iments in Dirac nanowires [40, 41]. As our results rely
on time-reversal symmetry-breaking materials, magnetic-
exchange induced Weyl semimetals [42, 43] are promising
platforms for experiments. We have uncovered the condi-
tions necessary to observe the unusual scaling of the con-
ductivity: The sample’s width needs to be larger than
the magnetic length, and the sample’s length in trans-
port direction needs to be larger than the mean free path.
Our results show that the spatial separation of left- and
right-moving charge carriers [8] is stable towards small
disorder, which can be used in devices that require a spa-
tial separation of counterpropagating currents. We stress
that the implications for these observations are far reach-
ing as they imply that experimentally approaching the
ultraquantum limit of Weyl semimetals does not require
the generation of large magnetic fields [44]—moderate
strain can easily induce axial field strengths equivalent
to a few Tesla [8, 9, 45].
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Appendix
In this Appendix, we investigate transport for more
lattice models and disorder types. In particular, we
show how axial fields influence transport in time-reversal
symmetric Weyl semimetals, and how correlated disor-
der changes the conductance in a Weyl semimetal lattice
model.
Time reversal symmetric Weyl semimetals
The model investigated in the main text explicitly
breaks time-reversal symmetry by having a node sepa-
ration b that corresponds to a magnetization. Here, we
employ a different model that hosts four Weyl nodes and
does not break time-reversal symmetry, but only inver-
sion symmetry. In particular, we use the simple two-band
model H = td · σ with the three components of d
dx = cos(bxa) sin(kxa) + sin(bxa) cos(kxa) sin(kza)
dy = cos(bya) cos(kya)− sin(bya) sin(kya) sin(kza)
dz =1− cos(kza)− cos(bxa) cos(kxa)
+ sin(bxa) sin(kxa) sin(kza). (7)
This model is a time-reversal symmetric extension of
a commonly used two-band model [46] with the time-
reversal operator T = σzK, where K is complex con-
jugation. It has two pairs of Weyl nodes: one pair
at k1,χ = (χbx, pi/2 + χby,−χpi/2) and another pair at
k2,χ = (−χbx,−pi/2− χby, χpi/2) with chirality χ = ±1.
The first pair of Weyl nodes is separated by b, and the
other one by −b, with b = (bx, by,−pi/2). An axial mag-
netic field induced by promoting b → b(r) conserves
time-reversal symmetry. We take by → B5x to obtain an
axial magnetic field B5 = B5zˆ. Fig. 5 shows the resulting
Fermi surface and dispersion.
To investigate magnetotransport, we introduce white-
noise disorder similar to Eq. (4),
V (ri) =
∑
µ
vµ(ri)σµ (8)
⟪vµ(ri)vν(rj)⟫ = gµK(ri − rj)δµν (9)
with K(ri−rj) = δijW 2/12. To obey time-reversal sym-
metry, the disorder must satisfy TV (r)T−1 = V (r), giv-
ing gµ = 1−δµ,x, i.e, only the component vx(ri) = 0. The
6FIG. 5. (a) Fermi surface for the time-reversal invariant
Hamiltonian (7) in presence of an axial magnetic field B5 =
B5zˆ with open boundary conditions along x with L/a = 80
lattice sites and the pseudo-magnetic length `5 = 5.61a. The
color denotes the real space localization of the wave func-
tions, with red/blue corresponding to the two surfaces, cf.
the small panel above (a). The lines red (green) lines that
connect states (marked by circles) at the same real-space po-
sition denote backscattering processes forbidden (allowed) by
time-reversal symmetry. The black (gray) dashed line denotes
a cut in momentum space at ky = −2.10/a (ky = 1.04/a) with
the dispersion along this cut shown in panel (b) (panel (c)).
(c) At ky = −2.10/a, the bulk zeroth Landau levels are both
right-moving, similar to the time-reversal model discussed in
the main text. (c) In contrast, at ky = 1.04/a, the bulk ze-
roth Landau levels are both left-moving, which is imposed by
time-reversal symmetry.
presence of time-reversal symmetry excludes scattering
between time-reversed partners, such that only one bulk
zeroth Landau level is available for backscattering, as we
illustrate in Fig. 5(a). Different from the model with
only two Weyl nodes, bulk-to-bulk backscattering is pos-
sible. Thus, we expect contributions to the conductance
from both bulk-to-bulk scattering and surface-to-surface
scattering, the latter being especially important for the
resistance at small system sizes.
In Fig. 6(a) and (b), we show the dimensionless con-
ductivity g for different transversal dimensions and dis-
order strengths for a disorder Weyl semimetal subjected
to magnetic fields [panel (a)] and axial magnetic fields
[panel (b)]. The dimensionless conductivity is defined in
Eq. (6). From the scaling with the transversal size L⊥, we
obtain the surface and bulk contributions from a linear
fit
g = gs
L⊥
a
+ gb. (10)
In Fig. 6(c) and (d), we show gs and gb as a function
of disorder strength for both B and B5. The surface
contribution gs is smaller for magnetic fields than for
FIG. 6. Scaling of the conductivity for time-reversal invariant
Weyl semimetal with four Weyl nodes (7). (a) Dimensionless
conductivity for a system subjected to a magnetic field charac-
terized by the magnetic length `B = 2.96a and (b) subjected
to an axial magnetic field with `5 = 2.96a. (c) From the data
presented in panels (a) and (b), we obtain bulk and surface
contributions separately via Eq. (10).
axial magnetic fields, as expected. The bulk contribution
gb scales similarly with disorder, and it is smaller for
B5 than for B. The numerical results clarify that the
anomalous scaling of the conductance in presence of B5
does not hold for time-reversal symmetric models.
Comparison of correlated and white-noise disorder
In the main body of this work, we have only focused
on white noise disorder. In the presence of correlated
disorder, it is not only the real-space position of coun-
terprogating modes that determines the transport scat-
tering time, but also their momentum-space position.
For physically relevant disorder correlations, e.g., Gaus-
sian correlated disorder, scattering between states de-
creases with their momentum space separation, giving
a internode scattering rate (scattering between different
chiralities) that is much bigger than the intranode scat-
tering rate (scattering within a chirality) [30, 31, 34].
In Weyl semimetals, this effect contributes to the large
chiral-anomaly induced contribution to the magnetore-
sistance [21, 47–51], and its anisotropy [52–54].
For disorder with Gaussian correlations
K(ri − rj) = 1√
2piξ2
W 2
12
exp
[
− (ri − rj)
2
2ξ2
]
, (11)
7FIG. 7. Dimensionless conductivity g for two different disor-
der correlation lengths ξ as a function of magnetic field. Dif-
ferent from white-noise disorder, the conductivity increases
linearly with the applied magnetic field. We show data for
two different transversal system sizes (a) L⊥ = 17a, and
(b) L⊥ = 19a. In the limit L⊥  a, the conductivity is
independent of the transversal system size. The magnetic
length ranges from `B = 2.52a to `B = 5.92a and the disor-
der strength is W = 7v.
the internode scattering rate scales as
1
τv
∝ ξ
2
`2B + ξ
2
=
{
1 `B  ξ
ξ2/`2B `B  ξ.
(12)
Using g ∝ Bτv, which holds in the ultraquantum limit
and for weak disorder, we obtain the g ∝ 1 for weak fields
(`B  ξ) and g ∝ B for strong fields (`B  ξ).
In Fig. 7, we show the dimensionless conductivity eval-
uated for a Weyl semimetal lattice model, Eq. (2), sub-
jected to correlated disorder characterized by the correla-
tion length ξ, and a longitudinal magnetic field. We show
that the conductivity increases linearly with the applied
field, as expected in this regime.
Perturbative analytical analysis of scattering
amplitudes
In this section, we investigate which mechanism may
explain the observed scaling of the conductance in pres-
ence of an axial magnetic field. We consider two different
possibilities for backscattering, i.e., for bulk-to-surface
scattering:
1. Direct scattering, where we consider only the lowest
order expansion in perturbation theory, the Born
approximation.
2. Multiple scattering events.
It turns out direct scattering decreases exponentially
with the transversal system size, while higher order scat-
tering events only decrease as a power law when L⊥  `5.
To obtain the direct bulk-to-surface scattering ampli-
tude, we use the low-energy Hamiltonian of chirality χ
Hχ = χ~v (k− χb) · σ. (13)
(a) (b)
(c) (d)
FIG. 8. Setup for the system considered for the analytical
calculation. (a) Position-dependence of the components of b.
In the bulk, when x ∈ [−L/2, L/2], the node separation has a
constant component along zˆ, and a spatially varying compo-
nent that results in B5 = const. At the surfaces of width δ/2,
both components are position dependent to ensure that b goes
to zero in the vacuum. (b) Resulting bow-tie Fermi surface.
Dotted/dashed lines denote states localized in the surface re-
gions, solid lines denotes states in the bulk. The chirality
changes, in the approximation we use, instantly from right-
handed to left-handed at kz = 0, as denoted by the color code.
This instant change is different from a lattice model, where
a finite mass at the boundary couples both chiralities, result-
ing in a smooth transition. (c), (d) Definitions of the basis
vectors rˆσ and θˆσ that we use in the analytical calculation.
We consider a system comprised of a bulk and two surface
regions. In the bulk, x ∈ [−L/2, L/2], the node separa-
tion has a constant component b0 = b0zˆ and a spatially
varying component that generates B5 = B5zˆ. To coun-
teract the bulk B5, the node separation must go to zero
at the surfaces. We add two surface regions of width δ/2
on each side of the sample. As the node separation needs
to go to zero at the surface, we choose
b(x) =

L+δ+2x
δ
(−B5L2 yˆ + b0zˆ) −L+δ2 < x ≤ −L2
B5xyˆ + b0zˆ −L2 < x < L2
L+δ−2x
δ
(
B5L
2 yˆ + b0zˆ
)
L
2 ≤ x < L+δ2 .
(14)
The resulting Fermi surface resembles the bow tie dis-
cussed in the main text, but it not smooth due to the
sharp corners [Fig. 8].
Similar to the bulk Hamiltonian, the surface Hamilto-
nian has a nonzero axial field. We label the two surfaces
by σ = ±1 and introduce the rotated vectors,
rˆσ = σ sin θyˆ − cos θzˆ, θˆσ = σ cos θyˆ + sin θzˆ,
cos θ =
B5L√
(B5L)2 + 4b20
, sin θ =
2b0√
(B5L)2 + 4b20
,
(15)
such that the node separation at the surface reads
bσ =
(
L+ δ
2 `′5
2 −
x
`′5
2
)
θˆσ (16)
8FIG. 9. Analytical solution of the imaginary part of the self-
energy correction, which is proportional to the inverse trans-
port time τ−1v . We rescale the self-energy correction by γ
′ =
γ2/(pi~v`′5
2
) and plot two different values of ¯`5 =
√
`25 + `
′
5
2
in panels (a) and (b). The self-energy correction depends on
ky, which corresponds to the real space position x = `
2
5ky.
Deep in the bulk, the transport time goes to infinity, since
states cannot backscatter. Close to the surface, the transport
time increases, since backscattering is possible.
with the pseudo-magnetic length at the surface
1
`′5
2 =
1
δ
√
4b20 +B
2
5L
2. (17)
The resulting axial field is
B5,σ = ∇× b = σ 2b0
δ
yˆ − L
δ
B5zˆ =
1
`′5
2 rˆσ. (18)
To have a more convenient basis in terms of Landau lev-
els, we rotate the surface Hamiltonian Hχσ of chirality χ
at the surface σ by a unitary transformation
Hχσ ′ = U†σHχσUσ, (19)
giving
H(+)σ
′
=
~v
`′5
(
`′5kr,σ −
√
2ia†+,σ√
2ia+,σ −`′5kr,σ
)
(20)
H(−)σ
′
=
~v
`′5
(
`′5kr,σ −
√
2ia+,σ√
2ia†+,σ −`′5kr,σ
)
(21)
with kr,σ = k · rˆσ, kθ,σ = k · θˆσ, and
aχ,σ =
1√
2
(
x
`′5
− σ
(
L+ δ
2`′5
− χ`′5kθ,σ
)
+ i`′5kx
)
.
(22)
As argued in the main text, backscattering is the only
relevant mechanism for transport. Since the pseudo-
Landau levels in the bulk are chiral, the only way to
scatter in the opposite direction is via relaxation through
the surfaces. The same goes for transport via the sur-
face states—they need to scatter to the bulk of the sys-
tem to relax. We consider the self-energy that describes
backscattering for both surfaces and both chiralities
Σˆχ =
∑
χ′,σ
Vˆ Gχ′σVˆ , (23)
or, in Landau level basis
Σχm(ω,k‖) =
∑
χ′,σ
∑
m′,k′‖
〈
Φχm,k‖
∣∣∣ Vˆ Uσ ∣∣∣Φχ′σm′,k′‖〉Gχ′σm′ (ω,k′‖)
×
〈
Φχ
′σ
m′,k′‖
∣∣∣U†σVˆ ∣∣∣Φχm,k‖〉 , (24)
where states with an additional label σ are located at the
surface and states without the σ label are located in the
bulk. Similar to the approach in Ref. 55, we introduce a
disorder correlator in Landau level basis, Γmm′ , to write
Σχm(ω,k‖) =
∑
χ′,σ
∑
m′,k′‖
Γχχ
′σ
mm′Gχ
′σ
m′ (ω,k
′
‖). (25)
The form of Γmm′ naturally depends on the form of the
disorder correlator in momentum space. There are no
symmetry restrictions on disorder, which means that all
Pauli matrices are allowed in the disorder operator Vˆ =∑
µ vˆµσµ with the correlations
⟪vµ(q)vν(−q′)⟫ = Kµ(q)δµνδq,q′ . (26)
After averaging over disorder, the correlator becomes
Γχχ
′σ
mm′ =
∑
qx,µ
Kµ(q)
∫
dxΦχ †mk‖(x)σµUσΦ
χ′σ
m′k′‖
(x)eiqxx
×
∫
dx′Φχ
′σ †
m′k′‖
(x′)U†σσµΦχmk‖(x′)e−iqxx
′
(27)
For simplicity, we restrict to the zeroth Landau level.
The spinors are then
Φ
(+)
0k‖
(x) = (φ
(+)
0,ky
(x), 0), Φ
(−)
0k‖
(x) = (0, φ
(−)
0,ky
(x))
Φ
(+)σ
0k‖
(x) = (φ
(+)σ
0,kθ,σ
(x), 0), Φ
(−)σ
0k‖
(x) = (0, φ
(−)σ
0,kθ,σ
(x)).
(28)
Inserting these states into Eq. (27) yields
Γχχ
′σ
00 =
∑
µ
1− gµχχ′ cos θ
2`5`′5
∑
qx
Kµ(q)I+I− (29)
with gµ = (1,−1,−1, 1) and the integral
I± =
∫
dxψ0
(
x
`5
− α
)
ψ0
(
x
`′5
− α′
)
e±iqxx
=
√
2`5`
′
5√
`25 + `
′
5
2
e
− q
2
x`
2
5`
′
5
2∓2iqx`5`′5(α′`5+α`′5)+(α`5−α′`′5)2
2(`25+`′52) ,
(30)
with the definition
α = χ`5ky, α
′ = σ(L+δ2`′5 − χ
′`′5k
′
θ,σ). (31)
9This simplifies the expression for the disorder correlator
in Landau level basis
Γχχ
′σ
00 =
∑
µ
(1− gµχχ′ cos θ)`5`′5
`25 + `
′
5
2 (32)
×
∑
qx
Kµ(q)e
− q
2
x`
2
5`
′
5
2+(α`5−α′`′5)2
`25+`
′
5
2
.
To obtain the imaginary part of the self-energy, Γ needs
to be integrated over momentum
ImΣχχ
′σ
00 (ω + iη,k‖) =
∑
k′‖
Γχχ
′σ
00 ImGχ
′σ
0 (ω + iη, k
′
r,σ)
(33)
with the imaginary part of the clean retarded Green’s
function
ImGσ0 (ω + iη, k′r,σ) = −piδ
(
ω − ~vk′r,σ
)
. (34)
We decompose the sum over momenta into an integral
∑
k′
→ L
3
8pi3
∞∫
−∞
dk′rdqxχ
′
χ′δ/(2`′5
2)∫
0
dk′θ (35)
with the integration over k′θ depending on the chirality
χ′, cf. Fig. 8. Let us for simplicity focus on ω = 0. We
evaluate the self-energy at the momenta kz = χbz and
ky ∈ [−L/(2`25), L/(2`25)] for white noise disorder. In this
simple case, the disorder correlator in momentum space
is Kµ(q) = γ
2/L3, independent of µ and q. The disorder
correlator in Landau level basis is then
Γχχ
′σ
00 =
4γ2
√
4pi
√
`25 + `
′
5
2
e
− (α`−α
′`′5)2
`25+`
′
5
2
, (36)
which depends on the momentum components kθ,σ, k
′
θ,σ.
Since the Green’s function depends only on the momen-
tum component k′r,σ, we can compute the integrals over
k′θ,σ, k
′
r,σ independently, giving
1
L
∑
k′r,σ
ImGσ(ω + iη, k′r,σ) = −
1
2~v
(37)
and
1
L
∑
k′θ,σ
Γχχ
′σ
00 =
γ2
pi3/2
√
`25 + `
′
5
2
χ′
χ′δ
2`′5
2∫
0
dk′θ,σe
− (α`5−α
′`′5)2
`25+`
′
5
2
=
γ2
2pi`′5
2
erf
 L+δ2 − σχ`25ky√
`25 + `
′
5
2
− erf
 L2 − σχ`25ky√
`25 + `
′
5
2

(38)
Further summing over both surfaces and both surface
chiralities χ′ gives
− ImΣχ0 (ky) =
γ2
pi~v`′5
2
erf
 L+δ2 + χ`25ky√
`25 + `
′
5
2
+ erf
 L+δ2 − χ`25ky√
`25 + `
′
5
2
− erf
 L2 + χ`25ky√
`25 + `
′
5
2
− erf
 L2 − χ`25ky√
`25 + `
′
5
2
 ,
(39)
independent of the bulk chirality χ.
In Fig. 9, we show the imaginary part of the self-energy
correction (39). Scattering from states deep in the bulk
to the surface is exponentially suppressed due to the ex-
ponential localization of the bulk zeroth Landau levels.
Such an exponential suppression would result in almost
ballistic states deep in the bulk, up to exponential cor-
rections. Since this disagrees with our numerical obser-
vations, a different scattering mechanism must be more
relevant.
As argued by Pikulin et al., bulk states in the zeroth
Landau levels are localized with the localization length
`5 [8]. To scatter between bulk and surface, N ∼ L/`5
scattering events are necessary to reach the surface from
states deep in bulk, which contribute the most to the
conductance. Thus, a random walk from the bulk to one
surface requires N2 ∼ B5L2 scattering events. States
that are ∆L apart from the center only need to scatter
the smaller distance L−∆L. This introduces subleading
corrections in L, but not in B5. These subleading or-
ders are especially relevant away from the limit L  `5,
i.e., the regime we investigate in our numerical analy-
sis. Having a scaling of the transport time τ ∝ B5 is
consistent with these numerical observations, as well as
τ ∝ 1 + αL+ βL2 when α > βL.
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